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Abstract: Heavy Majorana neutrinos enter in many scenarios of physics beyond the Stan-
dard Model: in the original seesaw mechanism they provide a natural explanation for the
small masses of the Standard Model neutrinos and in the simplest leptogenesis framework
they are at the origin of the baryonic matter of the universe. In this paper, we develop
an effective field theory for non-relativistic Majorana particles, which is analogous to the
heavy-quark effective theory. Then, we apply it to the case of a heavy Majorana neu-
trino decaying in a hot and dense plasma of Standard Model particles, whose temperature
is much smaller than the mass of the Majorana neutrino but still much larger than the
electroweak scale. The neutrino width gets zero-temperature contributions that can be
computed from in-vacuum matrix elements, and thermal corrections. Only the latter will
be addressed. Symmetry and power counting arguments made manifest by the effective field
theory restrict the form of the thermal corrections and simplify their calculation. The final
result agrees with recent determinations obtained with different methods. The effective
field theory presented here is suitable to be used for a variety of different models involving
non-relativistic Majorana fermions.
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1 Motivation and introduction
Neutrino flavour oscillations, the large matter-antimatter asymmetry of the universe and
dark matter are commonly interpreted as major experimental observations that require
going beyond the Standard Model (SM) of particle physics. Among the many possible
extensions of the SM that have been proposed, a minimal extension would consist in the
inclusion of some generations of right-handed neutrinos. Right-handed neutrinos are sin-
glet under the SM gauge groups, therefore they are often called sterile neutrinos. Models
have been considered with different sterile neutrino generations and with neutrino masses
spanning from the eV scale to 109 GeV. As we are going to list briefly in the following
paragraph, these models provide some natural explanations of the above observations. We
refer to [1] for a recent review and a large body of references.
The experimental observation of neutrino mixing [2, 3] implies that neutrinos carry a
finite mass. A simple model capable of giving mass to the observed SM neutrinos and at
the same time providing a natural explanation for its smallness is the seesaw mechanism
originally proposed in [4–6]. In this model, right-handed neutrinos, whose mass, M , is
much larger than the electroweak scale, MW , are coupled to lepton doublets like right-
handed leptons in the SM are. The small ratio MW /M ensures the existence of very light
mass eigenstates that may be identified with the observed light neutrinos. Concerning the
baryon asymmetry of the universe, although the SM contains all the requirements necessary
to dynamically generate the asymmetry, it fails to explain an asymmetry as large as the one
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observed [7], and now accurately determined by cosmic microwave background anisotropy
measurements [8]. Baryogenesis through leptogenesis in the original formulation of [9] is a
possible mechanism to explain the baryon asymmetry. In this scenario, heavy right-handed
neutrinos provide both a source of lepton number and CP violation, moreover, they can be
out of equilibrium at temperatures where the SM particles are still thermalized. Finally,
together with many other candidates [10], light right-handed neutrinos, minimally coupled
to SM particles like in the seesaw mechanism, may provide suitable candidates for dark-
matter particles [11].
Heavy right-handed neutrino play therefore a crucial role in models trying to explain
the neutrino masses and mass hierarchy, and in leptogenesis. They may also constitute
the heavy partners of light neutrino families responsible for dark matter. What qualifies a
neutrino as heavy in this context is that its mass is much larger than the electroweak scale,
and consequently of any SM particle. This allows for a temperature window in the early
universe, where the temperature is larger than the electroweak scale, but much smaller than
the neutrino mass. In this temperature window the heavy neutrino is out of equilibrium,
and therefore contributing to the lepton asymmetry of the universe, while the SM particles
may be seen as part of an in-equilibrium plasma at a temperature T . For such temperatures
the relevant hierarchy of energy scales is
M ≫ T ≫MW . (1.1)
The hierarchy of energy scales (1.1) calls for a non-relativistic treatment of the heavy
neutrino. Because right-handed neutrinos can be embedded into Majorana neutrinos, we
may want to construct a non-relativistic effective field theory (EFT) for Majorana fermions
along the same line as a non-relativistic EFT for heavy quarks, the heavy quark effective
theory (HQET), has been built for Dirac fermions [12, 13]. The construction of this EFT
will be the subject of the first part of the paper. An analogous study can be found in [14].
The advantages of an EFT treatment for heavy particles over exploiting the hierarchy (1.1)
in the course of fully relativistic calculations in thermal field theory are manifold. First,
the EFT makes manifest, already at the Lagrangian level, the non-relativistic nature of
the Majorana particle. Second, it allows to separate the computation of relativistic and
thermal corrections: relativistic corrections are computed setting T = 0 and contribute to
the Wilson coefficients of the EFT, whereas thermal corrections are computed in the EFT as
small corrections affecting the propagation of the non-relativistic Majorana particles in the
plasma. Finally, as we will see, the power counting of the EFT allows a rather transparent
organization of the calculation leading to several simplifications that would not be obvious
at the level of the relativistic thermal field theory.
As an application and non-trivial test of the effective field theory, in the second part
of the paper we compute the thermal corrections to the decay rate of a non-relativistic
Majorana neutrino within a hot plasma at first order in the SM couplings and at order
T 4/M3. This calculation has been recently done in [15, 16], but with different methods.
We will reproduce their result. In both cases, relativistic thermal field theories have been
employed: in [15] in the so-called real-time formalism, while in [16] in the imaginary-time
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formalism. Here we will use the real-time formalism.1 It comes as a great simplification
within the non-relativistic EFT that we will not have to deal with the doubling of degrees of
freedom typical of a real-time relativistic field theory. As we will see, the thermal calculation
becomes trivial, while all the computational effort goes into the one loop matching of the
EFT, which may be performed at zero temperature. In the future, the EFT presented here
can be used to simplify computations of the decay rates taking into account CP violation
and a medium out of thermal equilibrium, as well as for studies of thermal effects in other
models in which non-relativistic Majorana particles play a role.
The paper is organized as follows. In section 2, we discuss the non-relativistic degrees of
freedom of the EFT. In section 3, we review some relevant aspects of the model that we use
to calculate the Majorana neutrino thermal width. In section 4 we derive the relevant EFT
Lagrangian. Its one-loop Wilson coefficients are calculated in appendix A. The thermal
corrections to the width and the final result are presented in section 5. Some conclusions
can be found in section 6.
2 Non-relativistic Majorana fermions
In this section, we derive some general properties of a free Majorana fermion in the limit
where its massM is much larger than the energy and momentum of any other particle in the
system. Our aim is to identify the low-energy modes, write the Majorana free propagator
and construct the corresponding Lagrangian. Low-energy modes are those that may be
excited at energies below M . In the next sections, we will identify the Majorana fermion
studied here with a Majorana neutrino, and the low-energy degrees of freedom with the
low-energy modes of the neutrino and the SM particles.
If ψ is a spinor describing a relativistic Majorana particle, then
ψ = ψc = Cψ¯ T , (2.1)
where ψc denotes the charge-conjugate spinor and C the charge-conjugation matrix that
satisfies C† = CT = C−1 = −C and C γµT C = γµ.2 Thus a Majorana spinor has only
two independent components. It is different from a Dirac spinor that has instead four
independent components corresponding to a distinguishable particle and antiparticle. The
relativistic propagators for a free Majorana particle are:
〈0|T (ψα(x)ψ¯β(y))|0〉 = i
∫
d4p
(2π)4
(/p+M)αβ
p2 −M2 + iǫ
e−ip·(x−y) , (2.2)
〈0|T (ψα(x)ψβ(y))|0〉 = −i
∫
d4p
(2π)4
[
(/p +M)C
]αβ
p2 −M2 + iǫ
e−ip·(x−y) , (2.3)
〈0|T (ψ¯α(x)ψ¯β(y))|0〉 = −i
∫
d4p
(2π)4
[
C(/p+M)
]αβ
p2 −M2 + iǫ
e−ip·(x−y) , (2.4)
1 Eventually, at the accuracy of this work, the choice between the two formalisms will only affect the
way thermal condensates are calculated.
2 A possible choice for C is C = −iγ2γ0.
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where α and β are Lorentz indices and T stands for the time-ordered product. Note that,
due to the Majorana nature of the fermions and at variance with the Dirac fermion case,
the combinations 〈0|ψψ|0〉 and 〈0|ψ¯ψ¯|0〉 do not vanish. This is a feature that has to be
accounted for in the relativistic theory when computing amplitudes, since Majorana fields
may be contracted with vertices involving either particle or antiparticle fields.
In order to identify the low-energy modes of a heavy Majorana field, ψ, let us as-
sume first that ψ, rather than a Majorana field, is a Dirac field describing a heavy quark.
Low-energy modes of a non-relativistic Dirac field have been studied in the framework of
HQET [17]. In a given reference frame, the momentum of a non-relativistic heavy quark of
mass M is Mvµ, where v2 = 1, up to fluctuations whose momenta, kµ, are much smaller
than M . These fluctuations may come from the interactions with other particles that, by
assumption, carry energies and momenta much smaller than M . The Dirac field describing
a heavy quark can be split into a large component, ψ>, whose energy is of order M , and a
small component, ψ<, whose energy is much smaller than M :
ψ =
(
1 + /v
2
)
ψ +
(
1− /v
2
)
ψ ≡ ψ< + ψ> . (2.5)
According to the above definition: (1 + /v)/2 × ψ< = ψ< and (1− /v)/2 × ψ> = ψ>. The
small component field, ψ<, is eventually matched into the field h of HQET. This is the
field, made of two independent components, that describes in HQET the low-energy modes
of the heavy quark. It satisfies
1 + /v
2
h = h . (2.6)
The field h annihilates a heavy quark but does not create an antiquark. It satisfies the
following equal time anti-commutation relations [18]:
{
hα(t, ~x ), hβ(t, ~y )
}
=
{
h¯α(t, ~x ), h¯β(t, ~y )
}
= 0 , (2.7)
{
hα(t, ~x ), h¯β(t, ~y )
}
=
1
v0
(
1 + /v
2
)αβ
δ3(~x− ~y ) . (2.8)
The charge conjugated of (2.5) is
ψc =
(
1− /v
2
)
(Cγ0ψ∗<) +
(
1 + /v
2
)
(Cγ0ψ∗>) , (2.9)
whose small component, Cγ0ψ∗>, may be eventually matched into a HQET field, made
again of two independent components, that describes the low-energy modes of a heavy
antiquark. Clearly this field is independent from the one describing the heavy quark: it
annihilates a heavy antiquark but does not create a quark. It satisfies similar equal time
anti-commutation relations as the field h.
Let us now go back to consider ψ a field describing a heavy Majorana particle whose
momentum in some reference frame is Mvµ up to fluctuations, kµ, that are much smaller
than M . Like in (2.5) we may decompose the four-component Majorana spinor into a large
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and a small component. From (2.1) it follows, however, that in this case (2.5) and (2.9)
describe the same field, hence
ψ< = Cγ
0ψ∗> , ψ> = Cγ
0ψ∗< . (2.10)
This implies that the small component of the Majorana particle field coincides with the small
component of the Majorana antiparticle field. In the EFT that describes the low-energy
modes of non-relativistic Majorana fermions, both the particle and antiparticle modes are
described by the same field N . The field N matches ψ< in the fundamental theory and
fulfills
1 + /v
2
N = N . (2.11)
This is consistent with the Majorana nature of the fermion: we cannot distinguish a particle
from its antiparticle. Note that, while in the fundamental theory a Majorana fermion and
antifermion are described by the same spinor ψ that is self conjugated, in the non-relativistic
EFT a Majorana fermion and antifermion are described by the same spinor N that is not
self conjugated but has by construction only two independent components. Analogously to
the field h in HQET, the field N annihilates a heavy Majorana fermion (or antifermion).
It satisfies the following equal time anti-commutation relations:{
Nα(t, ~x ), Nβ(t, ~y )
}
=
{
N¯α(t, ~x ), N¯β(t, ~y )
}
= 0 , (2.12)
{
Nα(t, ~x ), N¯β(t, ~y )
}
=
1
v0
(
1 + /v
2
)αβ
δ3(~x− ~y ) , (2.13)
which may be also derived from the full relativistic expression of the Majorana spinors given
in [19]. Finally, we provide the expression for the non-relativistic Majorana propagator.
Starting from eqs. (2.2)-(2.4), projecting on the small components of the Majorana fields
and putting pµ =Mvµ + kµ, where k2 ≪M2, we obtain in the large M limit
〈0|T (Nα(x)N¯β(y))|0〉 =
(
1 + /v
2
)αβ ∫ d4k
(2π)4
e−ik(x−y)
i
v · k + iǫ
, (2.14)
whereas the other possible time-ordered combinations vanish as they contain only creation
or annihilation operators. The corresponding Lagrangian for a free Majorana fermion is
like the HQET Lagrangian:
L
(0)
N = N¯ iv · ∂ N . (2.15)
An analysis of heavy Majorana fermions in an EFT framework analogous to the one pre-
sented in this section can be also found in [14] (see also [20]).
3 Thermal leptogenesis and Majorana neutrinos
Starting from this section we will assume an extension of the SM that has been implemented
in several leptogenesis scenarios [9, 21–23]. It consists of the addition to the SM of some
sterile neutrinos with at least one of them having mass much larger than the electroweak
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scale.3 If the temperature of the system, T , is such that standard thermal leptogenesis
is efficiently active, then T is also well above the electroweak scale. Assuming that we
have well separated neutrino masses, the production of a net lepton asymmetry starts
when the lightest of the sterile neutrinos, whose mass, M , is above the electroweak scale,
decouples from the plasma reaching an out of equilibrium condition. This happens when the
temperature drops to T ∼M . During the universe expansion, the sterile neutrino continues
to decay in the regime T < M . For T < M the recombination process is almost absent
and a net lepton asymmetry is generated. For illustration, we will consider in the following
the simplest case of a SM extension involving only one heavy right-handed neutrino. The
Lagrangian reads [26]:
L = LSM +
1
2
ψ¯ i/∂ ψ −
M
2
ψ¯ψ − Ff L¯f φ˜PRψ − F
∗
f ψ¯PLφ˜
†Lf , (3.1)
where ψ = νR + ν
c
R is the Majorana field embedding the right-handed neutrino field νR,
φ˜ = iσ2 φ∗, with φ the Higgs doublet, and Lf are lepton doublets with flavor f . The
Majorana neutrino has mass M , Ff is a (complex) Yukawa coupling and PL = (1− γ
5)/2,
PR = (1 + γ
5)/2 are the left-handed and right-handed projectors respectively. Lepton
doublets, Lf , carry SU(2) indices, which are contracted with those of the Higgs doublet,
φ, and Lorentz indices, which are contracted with those carried by the Majorana fields.
Right-handed neutrinos are sterile, hence their interaction has not been gauged. Because
we are considering the Lagrangian (3.1) for a neutrino mass M and a temperature T much
larger than the electroweak scale, the SM Lagrangian, LSM, is symmetric under an unbroken
SU(2)×U(1) gauge symmetry and its particles are massless.
4 Effective field theory for non-relativistic Majorana neutrinos
By construction, an EFT suitable to describe non-relativistic Majorana neutrinos must be,
under the condition (1.1), equivalent to our fundamental theory (3.1) order by order in
Λ/M . The scale Λ is the ultraviolet cut-off of the EFT and is such that T ≪ Λ ≪ M .
The relevant degrees of freedom at the scale of the temperature are the non-relativistic
Majorana field, N , introduced in section 2, which describes the Majorana neutrino, and
the SM particles. The temperature is well above the electroweak scale. Hence, the relevant
symmetry is an unbroken SU(2)×U(1) gauge symmetry, which implies that all particles
with the exception of the heavy Majorana neutrino are massless. The EFT is written as an
expansion in local operators and powers of 1/M . The higher the dimension of the operator,
the more its contribution to physical observables is suppressed by powers of T/M . In the
following, we will consider only operators up to dimension seven, i.e. contributing up to
order 1/M3 to physical observables.
The EFT Lagrangian has the general structure
LEFT = LSM + LN + LN-SM , (4.1)
where LN describes the propagation of the non-relativistic Majorana neutrino and LN-SM its
interaction with the SM particles. The Lagrangian’s parts LN and LN-SM are determined
3 A similar model but with neutrinos not heavier than the electroweak scale is in [24, 25].
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by matching at the scale Λ matrix elements in the EFT with matrix elements computed
in (3.1). A crucial observation is that, in the matching, T can be set to zero because Λ≫ T ;
hence LEFT can be computed in the vacuum. In the following two paragraphs, we will write
LN and LN-SM at the accuracy needed to compute the Majorana neutrino thermal width
at first order in the SM couplings and at order T 4/M3. In a given reference frame the
momentum of the Majorana neutrino is Mvµ up to fluctuations, which are much smaller
than M .
At order 1/M0 the Lagrangian LN would coincide with (2.15), if the Majorana neutrino
would be stable at zero temperature. However, the Majorana neutrino may decay into a
Higgs and a lepton. Accounting for this modifies the Lagrangian (2.15) into
LN = N¯
(
iv · ∂ −
iΓ
(0)
T=0
2
)
N +O
(
1
M
)
, (4.2)
where Γ
(0)
T=0 is the decay width at zero temperature in the heavy-mass limit. It has been
computed previously in the literature [15, 16] and reads at leading order
Γ
(0)
T=0 =
|F |2M
8π
, (4.3)
where |F |2 =
∑3
f=1 F
∗
f Ff .
N
N
N
L, Q, t
Aaµ, Bµ
φ
b)
c)
a)
Figure 1. Diagrams showing the different types of vertices induced by the EFT Lagrangian LN-SM.
These involve interactions between heavy Majorana neutrinos and Higgs fields in a, fermions in b
and the gauge bosons in c.
The Lagrangian LN-SM, organized in an expansion in 1/M , reads
LN-SM =
1
M
L
(1)
N-SM +
1
M2
L
(2)
N-SM +
1
M3
L
(3)
N-SM +O
(
1
M4
)
, (4.4)
where L
(n)
N-SM includes all operators of dimension 4 + n. They describe the effective inter-
actions between the Majorana neutrino and the Higgs field φ, the lepton doublets Lf of
all flavours f , the heavy-quark doublets QT = (t, b), where t stands for the top field and
b for the bottom field, the right-handed top field and the SU(2)×U(1) gauge bosons (see
diagrams in figure 1). We consider only Yukawa couplings with the top quark and ne-
glect Yukawa couplings with other quarks and leptons, for the ratio of Yukawa couplings
is proportional to the ratio of the corresponding fermion masses when the gauge symmetry
is spontaneously broken. The number of operators contributing to LN-SM may be further
significantly reduced by assuming the Majorana neutrino at rest and by selecting only op-
erators that could contribute to the Majorana neutrino thermal width at first order in the
SM couplings and at order T 4/M3. At first order in the SM couplings, thermal corrections
are encoded into tadpole diagrams. Hence we need to consider only operators with imagi-
nary coefficients (tadpoles do not develop an imaginary part), made of two Majorana fields
with no derivatives acting on them (the Majorana neutrino is at rest), coupled to bosonic
operators with an even number of spatial and time derivatives (the boson propagator in
the tadpole is even for space and time reflections) and to fermionic operators with an odd
number of derivatives (the massless fermion propagator in the tadpole is odd for spacetime
reflections). Finally, we may use field redefinitions to get rid of operators containing terms
like /∂(fermion field) or ∂2(boson field). The Lagrangian L
(1)
N-SM reads
L
(1)
N-SM = a N¯N φ
†φ . (4.5)
The Lagrangian L
(2)
N-SM does not contribute to our observable because it involves either boson
fields with one derivative or fermion fields with no derivatives. The Lagrangian L
(3)
N-SM reads
L
(3)
N-SM = b N¯N
(
v ·Dφ†
) (
v ·Dφ
)
+cff
′
1
[(
N¯PL iv ·DLf
) (
L¯f ′PRN
)
+
(
N¯PR iv ·DL
c
f ′
) (
L¯cfPLN
)]
+cff
′
2
[(
N¯PL γµγν iv ·DLf
) (
L¯f ′ γ
νγµ PRN
)
+
(
N¯PR γµγν iv ·DL
c
f ′
) (
L¯cf γ
νγµ PLN
)]
+c3 N¯N (t¯PL v
µvνγµ iDνt) + c4 N¯N
(
Q¯PR v
µvνγµ iDνQ
)
+c5 N¯ γ
5γµN (t¯PL v · γ iDµt) + c6 N¯ γ
5γµN
(
Q¯PR v · γ iDµQ
)
+c7 N¯ γ
5γµN (t¯PL γµ iv ·Dt) + c8 N¯ γ
5γµN
(
Q¯PR γµ iv ·DQ
)
−d1 N¯N v
µvνW
a
αµW
aαν − d2 N¯N v
µvνFαµF
αν
+d3 N¯N W
a
µνW
aµν + d4 N¯N FµνF
µν . (4.6)
The fieldsW aµν and Fµν are the field strength tensors of the SU(2) gauge fields, A
a
µ, and U(1)
gauge fields, Bµ, respectively. For the operators multiplying c
ff ′
1 and c
ff ′
2 the SU(2) indices
of Lf and L¯f ′ are contracted with each other while their Lorentz indices are contracted
with gamma matrices and Majorana fields.
The Wilson coefficients a, b, cff
′
i , ci and di encode all contributions coming from the
high-energy modes of order M that have been integrated out when matching from the
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fundamental theory (3.1) to the EFT (4.1). We are interested only in their imaginary
parts. At first order in the SM couplings they read
Ima = −
3
8π
|F |2λ , (4.7)
Im b = −
5
32π
(3g2 + g′ 2)|F |2 , (4.8)
Im cff
′
1 =
3
8π
|λt|
2Ff ′F
∗
f −
3
16π
(3g2 + g′ 2)Ff ′F
∗
f , (4.9)
Im cff
′
2 =
1
384π
(3g2 + g′ 2)Ff ′F
∗
f , (4.10)
Im c3 =
1
24π
|λt|
2|F |2 , Im c4 =
1
48π
|λt|
2|F |2 , (4.11)
Im c5 =
1
48π
|λt|
2|F |2 , Im c6 =
1
96π
|λt|
2|F |2 , (4.12)
Im c7 =
1
48π
|λt|
2|F |2 , Im c8 =
1
96π
|λt|
2|F |2 , (4.13)
Im d1 = −
1
96π
g2|F |2 , Im d2 = −
1
96π
g′ 2|F |2 , (4.14)
Im d3 = −
1
384π
g2|F |2 , Im d4 = −
1
384π
g′ 2|F |2 , (4.15)
where g is the SU(2) coupling, g′ the U(1) coupling, λ the four-Higgs coupling and λt the
top Yukawa coupling. We refer to appendix A for details on the calculation.
If the Majorana neutrino is not at rest, then we need to add to (4.6) operators that
depend on the neutrino momentum. The leading operator is the dimension seven operator
−
1
2M3
a N¯
[
∂2 − (v · ∂)2
]
N φ†φ . (4.16)
The Wilson coefficient of this operator is fixed by the relativistic dispersion relation
N¯N
(√
(M + δm)2 + ~k 2 −M
)
= N¯N
(
δm+
~k 2
2M
− δm
~k 2
2M2
+ . . .
)
, (4.17)
with δm = −aφ†φ/M , or by methods similar to those developed in [27].
The EFT Lagrangian derived in this section follows from symmetry arguments and
standard (one-loop) perturbation theory. Owing to the hierarchy (1.1), the temperature
could be set to zero when computing the Wilson coefficients. Thermal effects factorize.
We consider this factorization the main advantage in the use of the EFT. Moreover, the
calculation of the Majorana neutrino thermal width will turn out to be very simple. Indeed,
already at this level, the structure and power counting of the EFT allow to make some
general statements about the origin and size of the different contributions. The width will
be the sum of contributions coming from the scattering with Higgs, SM fermions (either
leptons or left-handed heavy quarks or right-handed tops) and gauge fields in the early
universe plasma. We call these contributions Γφ, Γfermions and Γgauge respectively. The
leading operator responsible for the interaction of the Majorana neutrino with the Higgs is
the dimension five operator (4.5), hence the natural power counting of the EFT implies
Γφ ∼
T 2
M
. (4.18)
– 9 –
This is also the leading contribution to the thermal width of the Majorana neutrino. The
interaction of the Majorana neutrino with the SM fermions and the gauge bosons is mediated
in (4.6) by operators of dimension seven, hence
Γfermions ∼
T 4
M3
, Γgauge ∼
T 4
M3
. (4.19)
In the next section, we will compute Γφ, Γfermions and Γgauge at first order in the SM couplings.
5 Thermal width
A Majorana neutrino in a plasma of SM particles thermalized at some temperature T
decays with a width Γ = ΓT=0 + ΓT , where ΓT=0 is the in-vacuum width and ΓT encodes
the thermal corrections to the width induced by the interaction with the particles in the
plasma. We call ΓT the Majorana neutrino thermal width. The decay of the Majorana
neutrino happens at a distance of order 1/M . The neutrino releases a large amount of
energy of the order of its mass into a Higgs and lepton pair. The interaction vertex is
described by the Lagrangian (3.1). At such small distances the neutrino is insensitive to
the plasma and the decay happens as in the vacuum. The width is ΓT=0, which at leading
order can be read off eq. (4.3).4 At distances of order 1/T , the vertices involving Majorana
neutrinos in the fundamental Lagrangian (3.1) cannot be resolved, instead the Majorana
neutrino effectively interacts with Higgs, fermion and gauge boson pairs as shown in figure 1.
These are the vertices in the EFT that can be read off eqs. (4.5) and (4.6). The effective
couplings of these vertices are the Wilson coefficients listed in (4.7)-(4.15). They are all
of first order in the SM couplings g2, g′ 2, λ and |λt|
2. Hence, at that order, only tadpole
diagrams of the type shown in figure 2 can contribute to the Majorana neutrino width.
Tadpoles do not vanish (in dimensional regularization) only if the momentum circulating in
the loop is of the order of the plasma temperature, instead they induce a thermal correction,
ΓT , to the width. In the following, we will calculate ΓT assuming that the thermal bath
of SM particles is at rest with respect to the Majorana neutrino. Moreover, we choose our
reference frame such that vµ = (1,~0 ).
We calculate finite temperature effects in the so-called real-time formalism. This
amounts at modifying the contour of the time integration in the partition function to
allow for real time. The modified contour has two lines stretching along the real-time axis.
A consequence of this is that in the real-time formalism the degrees of freedom double.
One usually refers to them as degrees of freedom of type 1 and 2. The physical degrees of
freedom, those describing initial and final states, are of type 1. Propagators can mix fields
of type 1 with fields of type 2, while vertices do not couple fields of different types. We
refer to textbooks like [28] for more details. It has been shown in [29] that because the
12 component of a heavy-field propagator vanishes in the heavy-mass limit, heavy fields of
type 2 decouple from the theory and can be neglected. This also applies to the Majorana
4 Next-to-leading order corrections in the SM couplings to ΓT=0 have been calculated in [15, 16]. Those
corrections may be taken over in the EFT to improve the expression of the zero-temperature Majorana
neutrino width in LN.
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Nφ
N
L, Q, ta) b)
Aaµ, Bµ
N
c)
Figure 2. Tadpole diagrams contributing to the thermal width of a heavy Majorana neutrino at
first order in the SM couplings. The heavy Majorana neutrino is represented by a double line, the
Higgs propagator by a dashed line, fermion propagators (leptons, heavy quark doublets and top
singlet) by a continuous line and gauge bosons by a wiggled line.
neutrino field N , which may be considered of type 1 only. In our case, we will calculate
the tadpole diagrams shown in figure 2. Because there the SM fields couple directly to
the neutrino field N , also the SM fields may be considered to be of type 1 only. This is
a significant simplification in the calculation that the non-relativistic EFT makes manifest
from the beginning.
Tadpole diagrams like those shown in figure 2 involve only 11 components of the real-
time propagators of the SM fields. The 11 component is the time-ordered propagator of the
physical field; for a bosonic (scalar) field propagating from 0 to x it reads
i∆(x) =
∫
d4q
(2π)4
e−iq·x
[
i
q2 + iǫ
+ 2πnB(|q0|)δ(q
2)
]
, (5.1)
where nB(|q0|) = 1/(e
|q0|/T − 1) is the Bose–Einstein distribution in the rest frame, and for
a fermionic field propagating from 0 to x
iS(x) =
∫
d4q
(2π)4
e−iq·x /q
[
i
q2 + iǫ
− 2πnF(|q0|)δ(q
2)
]
, (5.2)
where nF(|q0|) = 1/(e
|q0|/T +1) is the Fermi–Dirac distribution in the rest frame. The first
terms in (5.1) and (5.2) are the in-vacuum propagators. We recall that SM particles are
massless in the high-temperature regime (1.1).
Thermal corrections to the decay width can be computed from the Majorana neutrino
propagator in momentum space:
∫
d4x eik·x 〈T (Nα(x)N † β(0))〉intT , (5.3)
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where 〈· · · 〉intT stands for the thermal average evaluated on the action
∫
d4xLEFT. In the
vµ = (1,~0 ) frame, the Majorana neutrino propagator has the general form (cf. with (2.14))(
1 + γ0
2
)αβ iZ
k0 − E + iΓ/2
=
(
1 + γ0
2
)αβ
Z
[
i
k0 + iǫ
−
(
iE +
Γ
2
)(
i
k0 + iǫ
)2
+ · · ·
]
.
(5.4)
The wavefunction normalization Z, mass shift E and width Γ are determined by self-energy
diagrams. In our case, we consider only the tadpole diagrams shown in figure 2. Because
Z − 1 is given by the derivative of the self-energy with respect to the incoming momentum
and because tadpole diagrams do not depend on the incoming momentum, we have that
Z = 1. In the expansion (5.4), the width Γ is then twice the real part of the residue of the
double pole in k0 = 0.
We start by considering the contribution to the decay width from the Higgs tadpole
(diagram a in figure 2). A Higgs tadpole may contribute to (5.3) either through the dimen-
sion five operator (4.5) or through the dimension seven operator in the first line of (4.6) or
through higher-order operators. Expanding (5.3) in LN-SM, we obtain
i
a
M
∫
d4x eik·x 〈
∫
d4z T (Nα(x)N †β(0)N † µ(z)Nµ(z)φ
†(z)φ(z))〉freeT
+ i
b
M3
∫
d4x eik·x 〈
∫
d4z T (Nα(x)N † β(0)N †µ(z)Nµ(z)∂0φ
†(z)∂0φ(z))〉
free
T
+ contributions of higher order in 1/M , (5.5)
where 〈· · · 〉freeT stands for the thermal average evaluated on the action
∫
d4x (LSM + LN).
The Wilson coefficients a and b can be read off eqs. (4.7) and (4.8) respectively. Because
the Majorana neutrinos do not thermalize, we have that
〈(Majorana fields)× (SM fields)〉freeT = 〈0|(Majorana fields)|0〉 × 〈(SM fields)〉T , (5.6)
where 〈0|(Majorana fields)|0〉 is a free Green’s function that can be computed by contracting
the Majorana neutrino fields according to (2.14), and 〈· · · 〉T is a thermal average of SM
fields weighted by the SM partition function. Comparing (5.5) with (5.4), we obtain
Γφ = 2
Im a
M
〈φ†(0)φ(0)〉T + 2
Im b
M3
〈∂0φ
†(0)∂0φ(0)〉T
=
Im a
3
T 2
M
+
2π2
15
Im b
T 4
M3
. (5.7)
The last line follows from having computed the Higgs thermal condensates at leading order:
〈φ†(0)φ(0)〉T = 2
∫
d4q
(2π)4
2πnB(|q0|)δ(q
2) =
T 2
6
, (5.8)
〈∂0φ
†(0)∂0φ(0)〉T = 2
∫
d4q
(2π)4
q20 2πnB(|q0|)δ(q
2) =
π2
15
T 4 . (5.9)
We have used dimensional regularization to get rid of the vacuum contributions. We observe
that bosonic condensates involving an odd number of spatial or time derivatives would give
rise to vanishing momentum integrals.
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If the Majorana neutrino is not at rest, the operator (4.16) induces a momentum
dependent correction. It reads
Γφ,mom.dep. = 2
Im a
M
(
−
~k 2
2M2
)
〈φ†(0)φ(0)〉T = −
Im a
6
~k 2T 2
M3
. (5.10)
In a similar way we can compute the contribution to the decay width from the fermion
tadpoles (diagram b in figure 2):
Γfermions = −
(
Im cff
′
1
2M3
+
2Im cff
′
2
M3
)
〈L¯f ′(0)γ
0iD0Lf (0)〉T
+2
Im c3
M3
〈t¯(0)PLγ
0iD0t(0)〉T + 2
Im c4
M3
〈Q¯(0)PRγ
0iD0Q(0)〉T
=
(
−Im cff1 − 4Im c
ff
2 + 3Im c3 + 6Im c4
) 7π2
60
T 4
M3
, (5.11)
where the Wilson coefficients cffi and ci can be read off eqs. (4.9)-(4.11). The last line of
(5.11) follows from having computed the lepton thermal condensate at leading order,
〈L¯f ′(0)γ
0iD0Lf (0)〉T = −2δff ′
∫
d4q
(2π)4
q0Tr
{
γ0/q
}
(−2π)nF(|q0|)δ(q
2) =
7π2
30
T 4 , (5.12)
and similarly the quark condensates, 〈t¯(0)PLγ
0iD0t(0)〉T = 7π
2T 4/40 and 〈Q¯(0)PRγ
0
×iD0Q(0)〉T = 7π
2T 4/20. We note that fermionic condensates involving an even num-
ber of derivatives would give rise to vanishing momentum integrals.
Tadpole diagrams generated by operators multiplying the Wilson coefficients c5, c6, c7
and c8 in (4.6) provide a contribution to the width that depends on the spin coupling of
the Majorana neutrino with the medium.5 If the medium is isotropic, this coupling is zero.
Finally, the contribution to the decay width from the gauge boson tadpoles (diagram
c in figure 2) gives
Γgauge = 2
Im d1
M3
〈W a0i(0)W
a
0i(0)〉T + 2
Im d2
M3
〈F0i(0)F0i(0)〉T
= (3Im d1 + Im d2)
2π2
15
T 4
M3
, (5.13)
where the Wilson coefficients di can be read off eq. (4.14). The last line of (5.13) follows
from having computed the gauge boson thermal electric condensates at leading order [29]:
〈W a0i(0)W
a
0i(0)〉T = π
2T 4/5 and 〈F0i(0)F0i(0)〉T = π
2T 4/15. The operators N¯N W aµνW
aµν
and N¯N FµνF
µν in the last line of (4.6) do not contribute to the thermal width because at
leading order 〈W aµν(0)W
a µν(0)〉T = 〈Fµν(0)F
µν(0)〉T = 0.
The above expressions for the thermal decay widths induced by Higgs, fermions and
gauge bosons are consistent with the estimates (4.18) and (4.19) obtained by sole power-
counting arguments. Summing up Γφ, Γφ,mom.dep., Γfermions and Γgauge and using the explicit
5 The operator N† γ5γiN can be also written as −2N† SiN , where ~S is the spin operator.
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expressions of the Wilson coefficients, we get at first order in the SM couplings and at order
T 4/M3 the Majorana neutrino thermal width:
ΓT =
|F |2M
8π
[
−λ
(
T
M
)2
+
λ
2
~k 2 T 2
M4
−
π2
80
(
T
M
)4
(3g2 + g′ 2)−
7π2
60
(
T
M
)4
|λt|
2
]
.
(5.14)
If the neutrino is at rest, we can set ~k = ~0. Equation (5.14) agrees with the analogous
expression derived in [15] up to order T 2/M . It also agrees with the result of [16] up to
order T 4/M3. In [16] also corrections of order ~k 2T 4/M5 have been computed. We note that
we could express our results (5.7), (5.10), (5.11) and (5.13) also in terms of Higgs, lepton,
quark and gauge field condensates. This appears to be a straightforward consequence of the
EFT, which requires, at the order considered here, that thermal corrections are encoded
into tadpole diagrams. In relation to ΓT , condensates have been also discussed in [16].
6 Conclusions
In this work we have built an effective field theory for non-relativistic Majorana fermions
and we have shown some advantages of such an approach for computations in a thermal
medium. The EFT is similar to HQET but keeps track of the Majorana nature of the
fermion by describing both the particle and the antiparticle with the same field.
Although the approach is quite general, as a proof of concept we apply it to compute
corrections to the Majorana neutrino decay rate induced by a hot plasma of thermalized SM
particles. To describe the interaction between the Majorana neutrino and the SM particles
we adopt the model (3.1). We further assume that the neutrino mass and the temperature
of the plasma satisfy the condition (1.1). Symmetry and power counting arguments restrict
the form of the corrections and simplify their calculation. Our result, given in (5.14),
agrees with earlier findings [15, 16]. At our accuracy, i.e. first order in the SM couplings
and order T 4/M3, the two-loop thermal field theory computation necessary to describe
the process in the full theory splits into two one-loop computations in the EFT. The first
one-loop computation is required to match the full theory with the EFT. This can be
done setting the temperature to zero, so it amounts at the calculation of typical in-vacuum
matrix elements. The second one-loop computation is required to calculate the thermal
corrections in the EFT. At the accuracy of this work, only tadpole diagrams are involved.
These may be easily computed with the real-time formalism or with other methods. The
use of the real-time formalism is particularly convenient with heavy particles: since they
do not thermalize, heavy particles and particles coupled to them are not affected by the
doubling of degrees of freedom typical of the formalism. The situation is again analogous
to the one faced when studying heavy quarks in a thermal bath.
The total width of the Majorana neutrino, Γ = ΓT=0 + ΓT , is organized as a double
expansion in the SM couplings and in T/M . At the present accuracy, the double expansion
reflects the hierarchy of energy scales (1.1) and corresponds in the EFT to the two steps of
the computation: matching and thermal loops. The SM couplings entering in the Wilson
coefficients of the EFT are computed at the heavy neutrino mass scale, M . Whether terms
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in one expansion are more relevant than terms in the other depends on the considered
temperature regime. A temperature close to the Majorana neutrino mass makes terms in
the T/M expansion more relevant, although a temperature too close to it may spoil the
convergence and signal a breakdown of the non-relativistic treatment.
In the future, non-relativistic EFT approaches to heavy Majorana neutrinos can be
used to simplify computations of the decay rate taking into account CP violation and a
medium away from thermal equilibrium, as well as in studies of thermal effects within
different models.
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A Matching and Wilson coefficients
In this appendix, we compute the Wilson coefficients (4.7)-(4.15). They are obtained by
matching matrix elements calculated in the fundamental theory (3.1) with matrix elements
calculated in the EFT (4.1). The fundamental theory contains the SM with unbroken gauge
symmetries, whose Lagrangian reads
LSM = L¯fPR i /D Lf + Q¯PR i /DQ−
1
4
W aµνW
aµν −
1
4
FµνF
µν
+(Dµφ)
† (Dµφ)− λ
(
φ†φ
)2
− λt Q¯ φ˜ PRt− λ
∗
t t¯PL φ˜
†Q+ . . . . (A.1)
The dots stand for terms that are irrelevant for our calculation, e.g. those involving light
quarks or right-handed leptons. The covariant derivative is given by
Dµ = ∂µ − igA
a
µτ
a − ig′Y Bµ , (A.2)
where τa are the SU(2) generators and Y is the hypercharge (Y = 1/2 for the Higgs,
Y = −1/2 for left-handed leptons). The fields Lf are the SU(2) lepton doublets with
flavor f , QT = (t, b) is the heavy-quark SU(2) doublet, t is the top quark field, φ the
Higgs doublet, Aaµ are the SU(2) gauge fields, Bµ the U(1) gauge fields and W
aµν , Fµν the
corresponding field strength tensors. The couplings g, g′, λ and λt are the SU(2) and U(1)
gauge couplings, the four-Higgs coupling and the top Yukawa coupling respectively.
The effective theory must reproduce the fundamental one at energies below its cut-
off Λ. A way to enforce this is by matching low-energy matrix elements in the two theories.
The matching fixes the Wilson coefficients of the EFT, which encode, order by order in
the couplings, the contributions from the high-energy modes that have been integrated out.
Because in the matching we are integrating out only high-energy modes, we can set to zero
any low-energy scale appearing in loops. In particular, as discussed in the main body of
– 15 –
the paper, we can set to zero the temperature. A consequence is that, in the matching,
loop diagrams in the EFT vanish in dimensional regularization because scaleless. We adopt
dimensional regularization in all loop calculations of the paper. The Wilson coefficients that
we need to compute are those appearing in (4.5) and (4.6). We compute them by matching
four-field matrix elements involving two Majorana fields and either two Higgs, two lepton,
two quark or two gauge fields. We will discuss the matching of these matrix elements one
by one in the rest of the appendix. Before, we add few general considerations.
We perform the matching in the reference frame vµ = (1,~0 ), where we assume the
plasma to be at rest. The leading momentum dependent operator (4.16) is fixed by sym-
metry and does not need to be calculated. Since we are interested in the imaginary parts
of the Wilson coefficients, we evaluate the imaginary parts of −iD, where D are generic
Feynman diagrams, by taking the Majorana neutrino mass at M + iǫ. We may also choose
the incoming and outgoing SM particles to carry the same momentum qµ. Because qµ is
much smaller than M , diagrams in the fundamental theory are expanded in powers of qµ.
This expansion matches the operator expansion in the EFT.
The fundamental theory (3.1) is SU(2)×U(1) gauge invariant, so are all operators in the
EFT. Hence, the Wilson coefficients are gauge independent. As a practical choice, however,
we will present results for single diagrams in Landau gauge. This is a convenient gauge in
the presence of momentum dependent vertices like those between the Higgs and the gauge
bosons. We have explicitly checked gauge invariance by computing the Wilson coefficients
also in Feynman gauge.
A)
C)
B)
ψ ψ¯ ψ ψ¯ ψ ψ ψ¯ ψ¯
N N † N N †
Figure 3. The diagrams represent matrix elements with two Majorana neutrino fields and two SM
fields in the fundamental theory (diagrams A and B) and in the EFT (diagram C). The bubbles
in A and B denote generic loops. The diagrams A and B in the relativistic theory allow for two
possible contractions of the neutrino fields, while the diagram C in the non-relativistic EFT allows
just for one.
When computing matrix elements involving Majorana fermions, one has to keep in
mind that the relativistic Majorana field ψ may be contracted in two possible ways, (2.2)
and (2.3), as a consequence of the indistinguishability of the particle from the antiparticle.
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A similar observation holds for the field ψ¯. For our calculation, involving matrix elements
with two external Majorana neutrinos, this implies that in the fundamental theory we have
to consider for each diagram two possible configurations: each one corresponding to the two
possible way to contract the Majorana fields ψ and ψ¯. See diagrams A and B in figure 3.
In the non-relativistic EFT, we have only one possible way to contract the Majorana field
N , which is (2.14). See diagram C in figure 3. One has to properly account for this when
matching the relativistic matrix elements with the ones in the EFT. In our calculation, with
the exception of diagrams with external leptons, the two possible configurations give the
same result as a consequence of
Cγµ1 T ...γµ2n+1 TC = γµ1 ...γµ2n+1 , (A.3)
and because of the insensitivity of the result to the direction of the momentum carried by
the Majorana neutrino.
A.1 Higgs
In order to determine the Wilson coefficients a and b, we compute in the fundamental theory
the matrix element
− i
∫
d4x eip·x
∫
d4y
∫
d4z eiq·(y−z) 〈Ω|T (ψµ(x)ψ¯ν(0)φm(y)φ
†
n(z))|Ω〉
∣∣∣∣
pµ=(M+iǫ,~0 )
, (A.4)
where µ and ν are Lorentz indices, m and n are SU(2) indices and |Ω〉 is the ground state
of the fundamental theory. The matrix element (A.4) describes a 2→ 2 scattering between
a heavy Majorana neutrino at rest and a Higgs boson carrying momentum qµ. In figure 4,
we show on the left-hand side of the equality all diagrams that in the fundamental theory
contribute to the effective vertices shown on its right-hand side.
+ + +
= +
1)
5)
2) 3) 4)
a b
+
Figure 4. Diagrams in the full theory (left-hand side of the equality) contributing to the Majorana
neutrino-Higgs four-field operators in the EFT (right-hand side). The solid double lines stand for
heavy Majorana neutrinos, the solid single lines for leptons, the dashed lines for Higgs particles and
the wiggled lines for gauge bosons.
In order to compute the imaginary parts of the Wilson coefficients a and b, we need to
consider only the imaginary parts of the diagrams shown in figure 4. In Landau gauge, the
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diagrams in the fundamental theory read6
Im (−iD1) = −
3
8π
λ|F |2
M
δmnδ
µν + . . . , (A.5)
Im (−iD2) = −
1
96π
(3g2 + g′ 2)|F |2
M3
δmnδ
µν(q0)
2 + . . . , (A.6)
Im (−iD3) + Im (−iD4) = −
7
48π
(3g2 + g′ 2)|F |2
M3
δmnδ
µν(q0)
2 + . . . , (A.7)
Im (−iD5) = 0 , (A.8)
where the subscripts refer to the diagrams as listed in figure 4.7 The dots stand for terms
that are either proportional to qµ/M2, or to q0qi/M
3 (i = 1, 2, 3) or to q2/M3; we have not
displayed terms that are of order 1/M4 or smaller. Such terms do not contribute to the
matching of the operators in (4.5) and (4.6). Summing up all contributions we get
−
3
8π
λ|F |2
M
δmnδ
µν −
5
32π
(3g2 + g′ 2)|F |2
M3
δmnδ
µν(q0)
2 + . . . . (A.9)
The symmetries of the EFT enforce that the matrix element (A.4) is reproduced by
the following expression
a
M
δmnδ
µν +
b
M3
δmnδ
µν(q0)
2 + . . . , (A.10)
where the dots stand for contributions coming from operators that are not listed in (4.5)
and (4.6).
Matching the imaginary part of (A.10) with (A.9) fixes the imaginary parts of a and b:
Im a = −
3
8π
|F |2λ , Im b = −
5
32π
(3g2 + g′ 2)|F |2 . (A.11)
Note that only the first diagram of figure 4 contributes to the effective operator (4.5), which
provides the leading contribution to the Majorana neutrino thermal width. The remaining
diagrams contribute to the subleading operator b N †N (D0φ
†) (D0φ)/M
3.
A.2 Leptons
In the fundamental theory, the matrix element
− i
∫
d4x eip·x
∫
d4y
∫
d4z eiq·(y−z) 〈Ω|T (ψµ(x)L¯βf,m(z)L
α
f ′,n(y)ψ¯
ν(0))|Ω〉
∣∣∣∣
pµ=(M+iǫ,~0 )
,
(A.12)
where f and f ′ are flavor indices, α, β, µ and ν Lorentz indices, and m and n SU(2)
indices, describes a 2 → 2 scattering between a heavy Majorana neutrino at rest and a
lepton carrying momentum qµ. The diagrams contributing to the matrix element in the
6 To keep the notation simple, we drop, from now and in the rest of the appendix, propagators on
external legs, and we label the so-obtained amputated Green’s functions with the same indices used for the
unamputated ones.
7 The vanishing of diagram 5 is specific of the Landau gauge.
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+ + + +
=
c
ff ′
1 c
ff ′
2
+
1)
5)
2) 3) 4)
Figure 5. Diagrams in the full theory (left-hand side of the equality) contributing to the Majorana
neutrino-lepton four-fermion operators in the EFT (right-hand side). The lines stand for the same
particle propagators as in figure 4.
fundamental theory are shown on the left-hand side of the equality of figure 5. Their
imaginary part in Landau gauge gives
Im (−iD1) = −δmnFf ′F
∗
f
(
3(3g2 + g′ 2)
32πM3
)[
(PL)
µβ(PR)
αν
+(C PR)
µα(PL C)
βν
]
q0 + . . . , (A.13)
Im (−iD2) = δmnFf ′F
∗
f
(
3|λt|
2
8πM3
)[
(PL)
µβ(PR)
αν
+(C PR)
µα(PL C)
βν
]
q0 + . . . , (A.14)
Im (−iD3) = −δmnFf ′F
∗
f
(
(3g2 + g′ 2)
32πM3
)[
(PL)
µβ(PR)
αν + (C PR)
µα(PL C)
βν
]
q0
+δmnFf ′F
∗
f
(
(3g2 + g′ 2)
384πM3
)[
(PL γλγσ)
µβ(γσγλ PR)
αν
+(C PR γλγσ)
µα(γσγλ PLC)
βν
]
q0 + . . . ,(A.15)
Im (−iD4) + Im (−iD5) = −δmnFf ′F
∗
f
(
(3g2 + g′ 2)
16πM3
)[
(PL)
µβ(PR)
αν
+(C PR)
µα(PL C)
βν
]
q0 + . . . . (A.16)
where the subscripts refer to the diagrams as listed in figure 5 and the dots stand either for
higher-order terms in the 1/M expansion or for terms of order 1/M2 but that do not depend
on the momentum qµ. Summing up all contributions and comparing with the corresponding
expression in the EFT, which is
cff
′
1
M3
δmn
[
(PL)
µβ(PR)
αν + (C PR)
µα(PL C)
βν
]
q0
+
cff
′
2
M3
δmn
[
(PL γλγσ)
µβ(γσγλ PR)
αν + (C PR γλγσ)
µα(γσγλ PL C)
βν
]
q0 + . . . , (A.17)
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we obtain
Im cff
′
1 =
3
8π
|λt|
2Ff ′F
∗
f −
3
16π
(3g2 + g′ 2)Ff ′F
∗
f , Im c
ff ′
2 =
1
384π
(3g2 + g′ 2)Ff ′F
∗
f .
(A.18)
The dots in (A.17) stand for contributions coming from operators that are not listed in (4.6).
t t
=
t t
=
Q Q Q Q
c3
c4
+
+
c5
c6 c8
c7
t t t t
Q Q Q Q
+
+
Figure 6. In the top panel, the diagram in the full theory (left-hand side) contributing to the
Majorana neutrino-top-quark singlet four-fermion operators in the EFT (right-hand side). In the
bottom panel, the diagram in the full theory (left-hand side) contributing to the Majorana neutrino-
heavy-quark doublet four-fermion operators in the EFT (right-hand side). The solid single lines
marked t stand for top singlets, the solid single lines marked Q for heavy-quark doublets, unmarked
solid lines connecting top lines and heavy-quark doublets stand for heavy-quark doublets and top
singlets respectively. All other lines stand for the same particle propagators as in figure 4.
A.3 Quarks
We consider only couplings with top quarks, for λt ∼ 1 while all other Yukawa couplings
are negligible. In the fundamental theory, we compute the two matrix elements
−i
∫
d4x eip·x
∫
d4y
∫
d4z eiq·(y−z) 〈Ω|T (ψµ(x)ψ¯ν(0) tα(y)t¯β(z))|Ω〉
∣∣∣∣
pµ=(M+iǫ,~0 )
, (A.19)
−i
∫
d4x eip·x
∫
d4y
∫
d4z eiq·(y−z) 〈Ω|T (ψµ(x)ψ¯ν(0)Qαm(y)Q¯
β
n(z))|Ω〉
∣∣∣∣
pµ=(M+iǫ,~0 )
,(A.20)
describing respectively a 2→ 2 scattering between a heavy Majorana neutrino at rest and
a right-handed top quark carrying momentum qµ, and a 2→ 2 scattering between a heavy
Majorana neutrino at rest and a left-handed heavy quark carrying momentum qµ. The
indices α, β, µ and ν are Lorentz indices, whereas m and n are the SU(2) indices of the
heavy-quark doublet. The diagrams contributing to the matrix elements in the fundamental
theory are shown in figure 6. We call Dt the diagram with external top lines and DQ the
diagram with external heavy-quark lines. The imaginary parts of −iDt and −iDQ read
Im (−iDt) =
|F |2|λt|
2
24πM3
δµν
(
PLγ
0
)αβ
q0
+
|F |2|λt|
2
48πM3
[(
γ5γi
)µν (
PLγ
0
)αβ
qi +
(
γ5γi
)µν
(PLγi)
αβ q0
]
+ . . . , (A.21)
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Im (−iDQ) =
|F |2|λt|
2
48πM3
δmnδ
µν
(
PRγ
0
)αβ
q0
+
|F |2|λt|
2
96πM3
δmn
[(
γ5γi
)µν (
PRγ
0
)αβ
qi +
(
γ5γi
)µν
(PRγi)
αβ q0
]
+ . . . , (A.22)
where the dots stand for higher-order terms in the 1/M expansion or terms that are of
order 1/M2 but do not depend on the momentum qµ.
The matrix element (A.19) is matched in the EFT by
c3
M3
δµν
(
PLγ
0
)αβ
q0 +
c5
M3
(
γ5γi
)µν (
PLγ
0
)αβ
qi +
c7
M3
(
γ5γi
)µν
(PLγi)
αβ q0 + . . . , (A.23)
and the matrix element (A.20) by
c4
M3
δmnδ
µν
(
PRγ
0
)αβ
q0+
c6
M3
δmn
(
γ5γi
)µν (
PRγ
0
)αβ
qi+
c8
M3
δmn
(
γ5γi
)µν
(PRγi)
αβ q0+. . . ,
(A.24)
where the dots in (A.23) and (A.24) stand for contributions coming from operators not
listed in (4.6). Comparing (A.21) and (A.22) with the imaginary parts of (A.23) and
(A.24) respectively, we obtain
Im c3 =
1
24π
|λt|
2|F |2 , Im c4 =
1
48π
|λt|
2|F |2 , (A.25)
Im c5 =
1
48π
|λt|
2|F |2 , Im c6 =
1
96π
|λt|
2|F |2 , (A.26)
Im c7 =
1
48π
|λt|
2|F |2 , Im c8 =
1
96π
|λt|
2|F |2 . (A.27)
A.4 Gauge bosons
The couplings di of the Majorana neutrino with the gauge bosons are conveniently computed
by considering in the fundamental theory the following two matrix elements
− i
∫
d4x eip·x
∫
d4y
∫
d4z eiq·(y−z) 〈Ω|T (ψµ(x)ψ¯ν(0)Aai (y)A
b
j(z))|Ω〉
∣∣∣∣
pµ=(M+iǫ,~0 )
,
(A.28)
and
−i
∫
d4x eip·x
∫
d4y
∫
d4z eiq·(y−z) 〈Ω|T (ψµ(x)ψ¯ν(0)Bi(y)Bj(z))|Ω〉
∣∣∣∣
pµ=(M+iǫ,~0 )
, (A.29)
where a and b are indices labeling fields in the adjoint representation of SU(2), and i
and j are spatial Lorentz indices. The matrix elements (A.28) and (A.29) describe 2 → 2
scatterings between heavy Majorana neutrinos at rest and gauge bosons carrying momentum
qµ. Each diagram in the full theory, labeled according to figure 7, contributes with an
imaginary part that reads for the (A.28) matrix element
Im (−iD1) = −
g2|F |2
16πM
δµνδabδij + . . . , (A.30)
Im (−iD2) =
g2|F |2
16πM
δµνδab
(
δij + δij
(q0)
2
3M2
+
qiqj
6M2
)
+ . . . , (A.31)
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+ + +
= +
1) 2) 3)
4)
d1 (d2) d3 (d4)
Figure 7. Diagrams in the full theory (left-hand side of the equality) contributing to the
Majorana neutrino-gauge boson four-field operators in the EFT (right-hand side). Diagrams
with crossed gauge bosons have not been explicitly displayed. External gauge fields are either
SU(2) or U(1) gauge fields. In one case they contribute to the operators d1N
†N W ai0W
a
i0/M
3
and d3N
†N W aµνW
a µν/M3, in the other case to the operators d2N
†N Fi0Fi0/M
3 and d4N
†N
×FµνF
µν/M3 in the EFT. The lines stand for the same particle propagators as in figure 4.
Im (−iD3) = −
g2|F |2
24πM3
δµνδab
(
δij(q0)
2 −
qiqj
2
)
+ . . . , (A.32)
Im (−iD4) = −
g2|F |2
48πM3
δµνδab qiqj + . . . . (A.33)
For the matrix element (A.29) the result is the same after the replacement g2δab → g′2.
The dots stand for 1/M3 terms that are proportional to q2 or q0qi or for terms of order
1/M4 or smaller.
The matrix element (A.28) is matched in the EFT by
2d1
M3
δµνδabδij (q0)
2 −
4d3
M3
δµνδab qiqj + . . . , (A.34)
and the matrix element (A.29) by
2d2
M3
δµνδij (q0)
2 −
4d4
M3
δµν qiqj + . . . , (A.35)
where the dots stand for contributions coming from operators not listed in (4.6). Summing
up all contributions (A.30)-(A.33) for each of the two matrix elements and comparing with
the imaginary parts of (A.34) and (A.35), we finally find
Im d1 = −
g2|F |2
96π
, Im d2 = −
g′ 2|F |2
96π
, (A.36)
Im d3 = −
g2|F |2
384π
, Im d4 = −
g′ 2|F |2
384π
. (A.37)
The same Wilson coefficients satisfy the matching conditions for matrix elements with
temporal gauge bosons.
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